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Abstract
This paper extends two classical theorems on a vertex coloring: König’s theorem on bipartite graphs and
the Szekeres–Wilf theorem.
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In this paper we consider a common generalization of two classical theorems: König’s theo-
rem [1] on bipartite graphs and the Szekeres–Wilf theorem [2].
Let us remember that a graph G = (V (G),E(G)) is called k-critical if its chromatic number
χ(G) is equal to k, but χ(G′) < k for every proper spanned subgraph G′ of G [3]. Note that each
k-critical graph is finite by a theorem of de Bruijn–Erdös [4], and if χ(G) = k, then G contains
a k-critical subgraph.
Definition 1. Let x be a vertex of a graph G; then by degG,k(x) we denote the number of all k-
critical subgraphs G′ ⊆ G such that x ∈ G′. (If k = 2, then degG,2(x) is the degree of the vertex
x in the graph G.)
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a vertex x ∈ V (H) with degG,k(x)  d . By G[V1] denote a subgraph of G that spans a subset
V1 ⊂ V (G).
Main Lemma. Let G be a graph, x its vertex with degG,k(x) = d , G0 = G[V (G)/{x}], and
χ(G0) t . Suppose the inequality
(
t
k−1
)
> d holds. Then χ(G) t .
Proof. Take the vertex x and the subgraph G0 = G[V (G)/{x}]. Let
f :V (G0) → {1,2, . . . , t} = It
be a t-coloring of G0. Let I be an arbitrary (k − 1)-element subset of It . By definition, put
GI = G
[⋃
i∈I
f −1(i) ∪ {x}
]
.
Assume that χ(GI ) = m k − 1. Let {S1, S2, . . . , Sm} be an m-coloring of GI . Then the family{
f −1(i)
}
i∈It /I ∪ {S1, S2, . . . , Sm}
is a (t − k + m + 1)-coloring of G. Therefore χ(G) t .
Now assume that χ(GI ) = k for each (k − 1)-element subset I of It . Hence GI contains a
k-critical subgraph G′I . Clearly, x ∈ G′I .
Consider another (k − 1)-element subset J of It . Since V (G′I ) ∩ f −1(i) 	= ∅ for each i ∈ I ;
then it is obvious that G′I 	= G′J . It follows that
d = degG,k(x)
(
t
k − 1
)
> d.
This contradiction proves that χ(GI ) k−1 for some (k −1)-element subset I of Is . Therefore
χ(G) t , and the theorem is proved. 
Theorem 1. Let G be a k-critical graph. Then degG,l(x)
(
k−1
l−1
) for each vertex x ∈ V (G).
Proof. Assume that
(
k−1
l−1
)
> degG,l(x) for some vertex x. Since G is a k-critical graph, χ(G0)
k − 1 for the subgraph G0 = G − {x}. Therefore χ(G)  k − 1 by the Main Lemma. This
contradiction concludes the proof. 
Theorem 2. Let G0 be a spanned subgraph of G and suppose every subgraph H satisfying
G0 ⊂ H ⊂ G, V (G0) 	= V (H) contains a vertex x ∈ H − G0 with degG,k(x) d . Suppose s is
a natural number and t = max{s,χ(G0)}. If
(
t
k−1
)
> d , then χ(G) t .
Proof. Assume that χ(G) > t . Let us consider a maximal subgraph H such that G0 ⊂ H ⊂
G, and χ(G)  t . Then there exists a vertex x ∈ V (G)/V (H) with degG,k(x)  d . Let G0 =
G[V (H)∪{x}]. Then χ(G0) t by the main lemma. This contradicts the maximality of H . 
Corollary 1. Suppose a graph G is (k, d)-degenerated. If ( t
k−1
)
> d , then χ(G) t .
Proof. Consider a subgraph G0 of G with empty set of vertices. Then we obtain the proof of
Corollary 1. 
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(
t
k−1
)
, viewed as a function of the variable t , is monotone
increasing function if t  k − 1. Therefore for each d  0 there exists unique number t (d, k)
k − 1 with (t (d,k)
k−1
) = d . By T (d, k)  k − 1 denote the smallest nonnegative integer t  k − 1
such that the inequality
(
t
k−1
)
 d + 1 holds.
It is evident that t (d,2) = d + 1, and T (d,2) = d + 1 for each integer d  0. It can easily be
checked that t (d,3) = 1+
√
8d+1
2 .
Assume that
(
t
2
)
 d + 1. Then it means that t2 − t − 2d − 2 0. Thus
t  1 +
√
8d + 9
2
, so that t 
]
1 + √8d + 9
2
[
and
T (d,3) =
]
1 + √8d + 9
2
[
,
where ]x[ is the smallest integer number n with n x.
Separately we consider cases k = 2,3.
If k = 2, then each 2-color critical subgraph of G is an edge. In this case we obtain the
Szekeres–Wilf theorem [2].
Corollary 2. Suppose a graph G is (2, d)-degenerate. Then χ(G) d + 1.
If k = 3, then it is evident that each 3-color critical subgraph of G is an odd cycle without
chords, using the theorem in this case, we obtain the following result.
Corollary 3. Suppose that each spanned subgraph of a graph G contains a vertex x such that x
belongs at most d odd cycle of G′; then
χ(G)
]
1 + √8d + 9
2
[
.
Remark 1. If d = 0, then using Corollary 2, we obtain König’s theorem.
Remark 2. Note that the inequality in Corollary 1 is sharp. Let Kn be a complete graph on n
vertices; then it is clear that d = degKn,k(x) =
(
n−1
k−1
)
for any x ∈ Kn and χ(Kn) = n.
From the authors’ point of view the following problem is interesting: Is it possible to prove
the generalization of Brooks theorem [5] under the conditions of Corollary 1?
The following theorem is a generalization of a theorem of Tomescu [6]. Consider a graph G.
Let S1, S2, . . . , St be a t-coloring of G, and let
di = max
x∈Si
degG,k(x).
Theorem 3.
χ(G) max
kit
min
{
i, t (di, k − 1) + 1
}
.
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χ(Ti) = i, Ts = G,
i⋃
j=1
Sj ⊂ Ti.
(1) By S′1 denote a maximal stable set which contains S1. By T2 denote a maximal 2-coloring
subgraph which contains S′1 ∪ S2, and S′2 = T2/S′1. By Ti denote a maximal i-coloring subgraph
which contains Ti−1 ∪ Si , S′i = Ti/Ti−1, and so on.
It is evident that
χ(Ti) = i, Ts = G,
i⋃
j=1
Sj ⊂ Ti.
(2) Let i(x) denote the index i such that x ∈ S′i . Let x0 be a vertex with i(x0) = i. Since Ti−1
is a maximal (i −1)-colorable subgraph of G, then dG,k(x0)
(
i−1
k−1
)
, (by the maximality of Ti−1
and the Main Lemma) then
t
(
dG,k(x0), k − 1
)
 i − 1.
Thus, for all vertices x,
i(x) t
(
dG,k(x0), k − 1
)
.
(3) Let x0 ∈ Si . From part 1 it follows that i(x0) i and, consequently,
i(x0)max
x∈Si
i(x)max
it
min
{
i, t
(
dG,k(x0), k − 1
)+ 1}.
Hence
χ(G)max
x0
i(x0) max
kit
min
{
i, t (di, k − 1) + 1
}
. 
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